E g OMOZXIIONAIA EKITAIAEYTIKQN ®PONTIETQN EAAAAOX (O.E.®.E.) - EHANAAHIITIKA @EMATA

_I - ’
B% EHANAAHHTAI@KQ }(;)EMATA 2021 E_3.MEJ\3I'(0)

TAZH: 3" TAEH EITA.A.
MAGHMA: MAGHMATIKA /TENIKHX ITAIAEIAX

Hpepounvia: Teraptn S Maiov 2021
Awapkero EEétaonc: 3 opeg

AITANTHXEIX
OEMA A
Al.  Zelida. 11
A2,  XeAida 59-60
A3,  Zeloa 31 (mpd amOOEEN)
A4, AXXEX
A5, o->3 B->2 y->5 6->1 >4

OEMA B

B1. To mwvaxdkt pe T KAACELS EIVOL TO TOPOKATO:

KAAZEIY | m\dtog
[20 —---) C
=) | e
=) | e
=) | e
[40 — )

[-—)
~YNOAO

Ioytet: 40 —20 =4 c = 20=4c =c =5
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OER ™ EITANAAHIITIKA GEMATA 2021 E 3.MEA3I(q)
[OJE A’ ®AZH -
B2.
KAAZEIE |« v, N, f F, %
[20 - 25) | 45/, 8 8 0,1 16
[25 —30) | 55/, 9 17 0,18 34
[30—35) | 65/, 15 32 0,3 64
[35 —40) | 75/, 10 42 0,2 84
[40—45) | 85/, 5 47 0,1 94
[45 —50) | 95/, 3 50 0,06 100
XYNOAO 50 1,00
20 +25 45 25+30 55 30+ 35 65
X].:—:_’ XEZ—:_J X3: = —, X4
2 2 2 2
354+40 75
[} a2l
40 +45 85 45 +50 95
X5=—=_, XEI:—:_'
2 2 y 2
Nl = Vl == B
v, 2 16 ,
To fi=;t=5=15=016 xa £[%=016-100=16 dpo xm
F,% = f,% = 16
Aol F, % =34 < F, = 0,34, emiong
f+h=Fef+£=034 ©016+f, =034 = f, = 0,18
AT6 =2 0,18=-2 < v, =10,18-50 =9, onoTE Kot

Vai =50

TONE=N2+1J3¢32=1?+1»'3':'1J3=15
VE_E_BU
To jC3_1,r_ﬂ,-{_5t:1_1r3|t:1

Fgc'..'{] = FzQ"EI"‘ngfE] = 34 + 30 = 64

Ao fi="t <=02="% o1, =02-50=10, ondue

Vaa

N,=N;+v, =32+ 10 = 42

To f,% = 0,2+ 100 = 20 ko F,% = F,% + f,% = 64 + 20 = 84

—=10,3 Ko fz% = 0,3-100 = 30 Ko

Kat TO
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|
or ENANAAHIITIKA OEMATA 2021 E_3.MEMI(0)
To fi=2=>=2-01 «xu fi%=01-100=10 onote
5y, 50 100 ’ 570 ’

FSUJ'EI :F4Df‘rﬂ+f5q""ﬂ =84 +10 = 94, ETC{GT]QNE = N4 +1r"5 =42 +5 =47

Vg 3

To vg = v, — N5 =50 — 47 =3, onote 10 fz =
f.% = 0,06-100 = 6
To N; = v,; = 50 kau 10 f;% = 100

B3. Tovidyotov 40 pniveg eivat: 5% + f; % = 10% + 6% = 16%

vo: 50 100

6

= 0,06 ko

B4.

KAAZEIX X v; N; fi f; % F, %
[20 — 25) 45;‘2 8 8 0,16 16 16

[25 — 30) 55‘/2 9 17 0,18 18 34

[30 = 35) 65}/2 15 32 0,3 30 64

[36 —40) | 75 ‘/2 10 42 0,2 20 84

[40 — 45) 85{,-’2 5 47 0,1 10 94

[45 — 50) 953,’2 3 50 0,06 6 100
YYNOAO 50 1,00 100
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EITANAAHIITIKA OEMATA 2021

CER™
o A DATH E 3.MEA3I'(a)
loTOypappa KaL MOAUYWVO GXETLKWY CUXVOTATWY %
OEMAT
I'l. Aiveton f(x) = x* — 6x° +ax — f,xER
Enopévag f(x) = 3x* — 12x +
Emedn] o ovvieheotg d1e0Bvvong g epantopévng 6to Xo = 2 givat icog e -
3 mpémet:
f(2)=-3=3-22-12-24a=-3=12-244+a=-3=a=9
Eniong f(x) = y = f(x) = —3x + 4 y x=2 &ovue
f2)=-3-2+ 14 =
2° - 6-2°4+9-2—-f=-6+14 =
8—244+18—f=—6+14 =
p=-6
I'2. H ovvépmon yiveton f(x) = x* — 6x% 4+ 9x + 6

Bpiokovpe v mapdyoyof (x) = 3x% —12x + 9
fllx)=0e

3x2-12x+9=0<

3x*—4x+3)=0e

3x—3)x—-1D=0e

x=3nx=1
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|
o8 EMANAAHIITIKA ©EMATA 2021 E_3.ME\3I(0)
X —oo 1 3 + oo
f' + - +
f 2 N 2

I'3. 101821,2021 € (3, +o0) 6mov 1 f elvar adEovoa emopévag
1821 < 2021 < f(1821) < f(2021)
70 1,821, 2,021 € (1,3) 6mov n f eivon pBivovoa emopévmg
1,821 < 2,021 < f£(1,021) > £(2,021)

I'4. Bpiokovpe mv f"(x) = 6x — 12

f'fx)=0=x=2

X

—oo 2 + oo

}(‘H

}("f

"y 7

Gpa 0pudude petaPoing yiveton eddyiotog yio x=2, f'(2) = —3
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DER™ EITANAAHIITIKA OEMATA 2021
[GJE] A’ ®AZH

E_3.MEJ\3I'(0)

I'5. Tw va givar cuveyng n g yio xo= 2 tpénel g(2) = Iiﬁé glx)
X—
YnoloyiCw 1o g(2)=—6
Ko

Ii Gxr—12 . Glx—2) . Glx—2) . Blx-2) . Blx=2) 6
I ——F——= am — — LN - - = im = m — = =
r—=2 4Vt +4a+4 x—2 i4—\‘.'i.x+2,|3j x—2 4—(x+2) =2 Z-x xr—=2 —(x—-2)

Enopévog n g etvar cuveyng yio xo=2.

OEMA A

Al.  Amd v vrdBeom diveTon

2
lim £ (x) =1 lim ¥ 2+
x—0 =0 x4 ﬂ
2
‘Eocto n cuvaptnon A(x) = w

x + /[
2
Eivah() ==t 2H 2 L= heo)(o + )
X"+

AmO 6mOoL TPOKVTTEL
lim(x” + 1) =£i£rg[h(x)(x2 +ﬂ)] S1=1-8= =1

x—0

cR

2

H evbeio y=x+7 €xet ovvieheot devbvvong A =1

X +ax+]

H ocvvapmon f (x)—z—1 givar mapayoyiciun oto R ¢ mniixo

X+
TOPAYOYIGIUOV LE TOPAYWOYO

f’(x)=[x ;o;xIHJ _
:(x2+ax+1)'-(x2+1)—(x2+1)’~(x2+ax+l):
(x2+1)2
:(2x+a)-(x2+l)—2x-(x2+ax+l)
(x2+1)2
=2/x/(+2/§+ax2+a—2/x/’/—2ax2—%

(x2 +1)2

_—ax’ta

(x2 +1)2
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CIER ™ EITANAAHIITIKA OEMATA 2021
@E A" ®DAXH

E_3.MEJ\3I'(0)

INa va gtvon  epamtopévn kKdBetn oty gvbeia 6to onpeio A(O, f (O)) TPEMEL

VoL 1GYVEL
— . 2
PO A=10"20F% 1 joia=n1
(O2 + 1)
, . , . x'—x+1 , ,
Apo telMkd o tomog g f ypagetar f(x)= Ty Kot n mophyeyog eivon
x*+
, x* -1
S(x)=

(x2 +1)2

x* —1

A2,  f'(x)=0<
(x2 + 1)

=0 x’-1=0x=1 4 x=-1

A3. O mivaxog povotoviag stvot:

r|=® a +1 +®

o+ Q=90 4
P P B

H ocuvapmon f eivan ywnoiog avéovoa ota Swotipota (—wo,—1], [1,+0) Kot

ywnoing edivovsa oto ddotnua [-1,1]
210 X = -1 mapovcaleTol TOTKO HEYIGTO LE TN

71

(—1)2—(—1)+1:1+1+1:§
(-1)"+1 1+1 2

2
210 1 mapovoialetar Tomkd eldyioto pe Ty f(1)= Poi+l 1

’+1 2
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inl B
o ENANAAHIITIKA O©EMATA 2021 E_3.ME)3T(a)

A4.  To medio opiopod Tov d00 cvvapticemy eivar A, =R, A, =(0,+o)
To kowo medio opiopod eivar A ., =(0,+)

O tomog eivan :

=x+l =X +3x*=x+2 X —x*+x X +3x"—x+2

+ = + = + = + =
(f g)(x) f(x) g() x2+1 x(x2+1) x(x2+1) x(x2+1)

2(x2+1) 2

x

_ x3—x2+x—x3+3x2—x+2_ 2x2+2
- x(x2+l) - x(x2+1) N x(x2+l) -

Kot 70 1edio optopod eivan to cuvoro A, =(0,+0).

, N TPOPoOAT| Tov GTOV

A5. To onpeio X givon méve oy cuvapmon (f+g)(x) g
X

a&ova x'x elvar To onueio A(x,0) kot otov dgova y'y €lvat To onpeio B(O,%j
X
) 2l | R
Onodte (OB):|yz|:H:—, x>0 kot (OA)=x, =|x|=x,x>0
X X
Onote 1 mepiperpog Tov opboywviov givat
4

M(x)=2(0A)+2(0B)=2x+22 =22+ 2 | x>0
X X

A6. H cuvaptnon II(x)= 2x+i, x>0 eivar Topayoyiown oto (0,+%) pe Topdywyo
X

4
'(x)=2-—
()=2-2
H mapdywyoc unodeviCetan av:

M(x)=0c2- 2 =002 4=002C 4o P =2 x=+2 i i
X

x=—2 amop.

O mivaxkag povotoviag tne ovvaptnong I(x) sivat:
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inl B
oF ENANAAHIITIKA O©EMATA 2021 E_3.ME)3T(a)
X 400

Onote

H(ﬁ)zzf

:§\ ;

cuvéptnon mopovctdlel  oAlKd  eAdyLoTO

NN

Apa T1(x) > T1(V2) < T (x) 2 442

N o 4\/_—2\/— 22 =42

x=\/5 TO.
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