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B" ®AXH

B1.

B2.

%
OEMA B \

[N va dei&ovpue ot f eivon cuveyng apkel va 881&

X =1, kobodg n f 7yio kébe x=#1 eivan
GLVOPTIGEMV.
Apxkel va dei&ovpe 6t1 Iir'q f(x) = f(2).

1 €lvol GLVEYNG GTO
npa&ag oLveEYDV

1°¢ Tpémog
‘Eyovpe I|m f(x) —lim &
x—1 X—
Oétovtog U=Xx-1 1(5)(1)81 av —> Kot €16l T0 Oplo yiverat
et-1
lim = :Ilm —1 TO swou n 0G TNG GLVAPTNONG
x—>1 X—1 u—0

h(x)=€", yio x= 0

Apa h'(x)=¢€", ondte lim '(O) 1

2% tpomog Q ; i
et -

m f oo =tm = Q

—>

x—1 (X_

f(x)-f(2) , ,
Ap i&ovpue OTL VEAPYEL TO OPLO |Ir‘r1—1 Ko €ivor Tpory Lotikog
X_
POy
f (x)

-f(9)
g
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V
Apan f eivan mapoyeyioyn oto X, =1,pe f'(1) ==

H e&iowon g gpamtopévng e ypoaeikig nap('xcsr ng f 6TO omnpueio
A(l, f (1)) etvat:

y—f ()= f'(1)(x=1), Snhodq y- 1—1( -1

H ovvapmon g(x)=(x-2)e" +1 eiva vsxng ot0 R ¢ mpdEeic cuveyhv

oto R, napowo)ytcnun oTO IR o)g npa G T wytmumv Guvaprncso)v oTO
%.pe 0/(x) =€ +(x-2):

el(x-1)20 < x-1> 0 x>

Opoing av g'(x) <0 mpo %{
H povotovia kot ta OLK% a<<oyp OV TOPOKATM TiVOKOL:
N/

X —o0 ~+00

g'(¥) —@ M
9(9 /7, &@ﬁ 7/

min

‘Exovpe: g'(x) =0, ondte wo)vov @
€10 :

g mapovctalel  OAIKO eMdyloto Y x=1 T0
2)-e+1=— 1 = ( woyder g(x)=g(1), yrou kébe xeR.

oyver g(x)>0,y10 kdbe xe R .
glvon Topaymyioun oto R pe:

() = exfl(x_l)_(exfl_ ) _ Xex—l_ex—l_ex—l+1:
(%) (x-1y (1

-1 x-1 _ X—1
_Xe 2e +1:(X 2)e +1: g(x)2>OytaK(x98 x#1.

(x-1)° (x-0°  (x-1)

f
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B4.

I'l.

Enewdqn f eivon cuveync oto X, =1 émeton 6Tt eivon yvnoi g\@a oto R.

[oyver ot

e H g sivou cuveyng oto ddotnua [2015, 201@ wyicmm oto R.

e g(x)>0 ya k60e xe[2015,201§, Kaemg@mcm g undevileton
uovo oto X =1. i%

2016
Omnote amd yvomotd Oe@pnuo EYOVLE: I g(x)dx>
2015

" A,

[a kaBe xe R 1oyvet 01U

f(x)2 —§X+\/§<:> f(X)+—X=A/32> O.

Oempovpe T cvvapT @ { < \

[Tapatnpodpue ot

g(0) = f (o)—Jé: C

Apa v kdBe X e R 1oyveL 0 \

1)< 9(x)29(0).

Aniaon T cnd@%mé erdyioTo.
9\; ro%ﬁ\\/}x

Emion 1 ECOTEP neio tov R ko g mopoymyicun oto R pe:
/ f(x)+§x—\/§j =f’(x)+§.

va pe o Bedpnua Fermatioyvet ot

<:%x0)=o@ f’(0)+§= 0 f'(qz-g.
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2.

Y%
1" Tpémog x
[a kdBe xe R 1oyvet 01U @
£(X) £(x)+ £ (x)- 7(x)+(£/(x)) =0 @

F(
f(x)-f'(x)+f(x)-f"(x)+f'(x)- f'(x)=0
f(x)- f"(x)+f'(x)- f'(x)+ f(x)- f’(x)z&

2% Tpémog
[a kdbe xe R 1oy0e

f(x)-f’(x)+f( (f’(0<:>

QoPLOYN TV Xvvenel®v Tov Oswpruatoc Méong Tiung mpoxvdmtel OTL
LTy otolepa € € R té€tolo oTE va 1oy et

N {0 10 =6,.

w X=0, &ovpe:

- (0)- f’(0)=cl<:>\/?3-(—§J=cl<:>clz—l

Apa yio kdfe X e R 1oyvet 0t
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I'3.

1°® Tpémog
‘Eoto X f (%)= ).
‘Exovpe:

WY

e-f(x)-f'(X)=-leofX)- f'X)=—"= x

2.1 (x)- F'()=—2e" = (F2(x)) =(27).

Me epoppoyn tov Xvveneliwv tov Oempnpoto ¢VTwng mpokdmtel Ot

vapyel oTodepa C, € R T€T0100 OGTE VAL 1IGYVEY
f?(x)=2e*+c,.
I'a x=0, &yovpe: %7
f?(0)=2"+c, © 3= 2+c, o c,= x
Apa v k@Be Xe R 1oyvet ot & %7
f2(x)=2e*+1# 0. %

;; Y

Kkabe Xe R.

o2t 1=+ 1o

H f eivau mopayoyiociun oto R, pe:

4 1 ' _e—x
f'(x)=(vV2e*+1) =——=( 2" =
) ( ° +) 2\/2ex+1( +]) vai+1

o kaBe X e R, emopevag

< G yxdfe xeR.

Apa n ovvaptnon f  eivon yvnoimg @bivovoa oto R, omdte ko 1-1

GLVAPTNOT], GLVETMG OVTIGTPEPETAL.
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r4.

1w Xx=0 givw u=¢" =1.
Enopévac:
tu+l fu+2-1

Oétovpe Y= f(X) kou &govpe:

2_
Y =2e ile Y-l 2 ce =Y 1

2
> (
, y2 _1 5 y>0
Oa mpémel > >0y -1>0=y> 1.
Me avtdv 1oV emmAéov mEPLOPIoUO EXOV @
2 2
Ine™ =In(y 1j<:>—x= (y ! %‘

%
y=f(X) o y=v2e+1 (1)
Oa mpémel Y = 0. Me avtdv TOV TEPLOPIGUO EXOV %

Apa eiva:

fH(x)= In(

Xt -1

Ynoonpeioon: T
f*, umopei va Bp '

0

1c € +1=u+1>0«km € +2=u+2>0.

o’ x=In(e-2) eivmn u=€e"®? =e-2,

_ 1 1
du =J' (1——jdu=
o o, Ut2 o) u+ 2

=[u];2—[ln(u+2)]:2 =1-(e-2)-(In3- Ine- 2+ )=
=1-e+2-In3+ Ine= 4-e- In3

I= mdu=]
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Apxet va dei€ovpe 611 vapyel povadikd X, € (0,1)t oote g(%,)=0,1
ot e&iowon g(Xx) =0 &xer povadkn pila 610 016

H cuvapton g(x)=Inx+x eivar napowwyt& 50 X >0 pe:
g'(x)=(In x+x)' =1+x>0, 110 k60e X ¥ 0.

X
Apan g eivan yvnoing avéovosa oto ((&
1* tpémog &
Yvven®g M g elvan yvnoiog ol oT0 Ou ,1) Kot emeEdn eivon
ovvexfig oto (0,1), &yovpe: %
9((0)=(limotx).imo N
agov lim g(x) = lim ( %gg =lim (In x+x) =1

x—>1
Enedn Oe g((0,1))
aQoL M gival ywois

el pia oto Seompa (0,1) ko

2% Tpémog

Eivon lim =lim (In x
x—>0" (0

Onote vadpyel ovVTY GTO

Eniong g 1+1=1>

Emouév ()-9(1)<O0.

E@&

e 0<a <1 téroro, wote g(a) <O0.

g eivon ko cvvexng oto [,1]=(0,) cdpgova pe to Ocdpnpo
no'm ouvvdpmon g £€xet pa tovAaylotov pila oto  ddoTnua

a,1) £ (0,9).

gov 1 g eivon yvnoiog avéovca oto (0,1), omote N pila Ba eivon
VOOIKT).
3% tpomog

Evésiktika, spoappolovue Oempnua Bolzanoywa v g oto didotua {1,1} :
e
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B’ ®ATH
; ; ' o 2%
X1 ovvéyela Ba Avoovue v e€icoon €7 ° =—.
X
Emedn X, >0 6o mpénet ko X >0, owdte n e&icw ool yiveTon:

A2.

e =20 o Ine =Inﬁ<:>x—xozlnx0—ln
X

X

X+Inx=x,+InX, < g(x) =9(x,) . (1)

Ouwgn g eivon yvnoing avéovoa, apa % OTE €YOLE!
gl-1
D= g(x¥)=9(%) = X=X,

)

INa O<a <1, 10 Cnrobu@&'w Siv@

E =J'\g(x)—x\dx.

e S

Inx/
x<1le Inx< Inx< 0= I;;f;ﬂx£xc>g(x)£x<:>g(x)—xs 0.
YVVETMOG OTO % etvan ‘:X—g(x).

Emopévmg efvoits \

E = |(x—g(x))dx=[(: X/~ x)dx=i(—|n x)dx=i|n xdx =

1
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Rt
a I

i) Am6 v60ea) DUE OTL lesec.
Avto onuai o> o 1 apBpod o av&dvel, dniadn Kiveiton
K

OO LK PLVOLEVOG OLTT0 poceyyiCovtag to 1, apod O< o < 1.
Enev B¢on tov a glvol GuvapTno™ TOL XPOVOL t EYOvUE!
E(t t)sIn(a 1.

1S T

etaf ovElvat:
—a't)- In@®) + ) (n@®) - a'e) -
&'(t)-ln(a(t)ﬂa(t)-it)a'(t)
a(t)

=a'(t)-In(a(t))+a't)—a't)=a'lt) In(a(t)).

\ Tnv xpovikn ottypn t, oty omoia eivan a(t,) = X, £xovpe:
E'(t,) =a'(t,) - In(ea(ty)) =1-Inx, = InX,,
Opwg amd Al. epoua toybet Ot

9d(%) =0 Inx,+ %X, = 0 InX,=—X,.
Tovenag E'(t,) = —X, cm?/sec.
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A3. Eneidn v kdbe x >0 eivon g'(x) =1+ 1 > 01 geivan yvn
X

[Tapatnpodpue OTL:

4

0<g* (x)< —% (1) ywkdbe x<O

4

i
DEOVGOL.

[Ipaypott to 0<g™(X) TpokvITEL Y10Ti TO GUVOXO- TGOV TS g+ €ivar TO

v,

(0,4+). T to g (X) < —% EXOVIE TIG 1G i

&)

6100 <L o 0(g* 00)< g[—%j S ——

<:>x<—%+ln(—%} %
<:>x2>—1+xln[—%j <O]®

([ 2] |

v

& x> -1+ X(=In(=x)

7

& X2 +1+ xIn(=x)

@

EYOLLLE Y10, 0:

In(<

s

X

—Ej =0, amd To kprripro mopepforig n (1) diver lim

H tehevtaio avicotnTo 10;(15@6 ™V yvoot oxéon Inx<x-1, x>0,

<
<X A= xdni=x) 4% = x = x>+ xIn(=x)+ 1> -x+1> 0

g'(x)=0

eon’ f(g(x))=f(x) +e(x-1)+ Inx, x>0 HE TNV OVTIKATAGTACT] TOL X LLE
% x)> 0, xe R divet:

) =f(g (%)) +e ®(g *(x)-1)+ In(g*(x)), (2) yrkdbe xe R
®¢tovpe g*(x)=u. Eivan lim g**(x)=0, omdte lim u=0 kon

fim (g 00) =limf () =f(©), lim &% (g (- D= lime (u- )=~ -

lim (In(g™*(x))) = lim(In u) = —o0
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A4.

WY

Emopévog

lim [1(g700) (g ()~ D+ In(g*()) | = <> lim
[Na kabe x>0, ggovpe:
f(g(x))=f(x)+e(x-1)+Inxe f(g(x)) e +Inxe

f(g(x))- f(x)=€"e" e+|nx<:>f )= e'”X+X €+inx <
f(g(x))-f(x)=e® - +Inx.

Awpodpe ko To dv0  pPEAN oaag wootTog pE TOV  Opo

g(x)—x= InX>O,ytaKa98 X>1 ovu

Q(X)—X Q(X) X
Fg(x)-f(x) e -

<:>
g9-x 99—
f9(¥))-f(x) _e @X +1.(1) ?
g(x)—x g(X) =X
e H cuvapmnon @
cmvsxng oTO [X

Apoc G V Ol TpOvT v Oswpnuatog Méong Tymg yiw mv  f

M TapYEL & € X g(x)) pe 1<x<¢ <g(x)
TETOL

f(g )
g(x) X

povus ™m ovvapmmon h(X)=e*n omoio eivar ocuvveyng ko

GUVE apowmywtun oto R, emopévag eivar
o y ioyun oto (X, g(x)), v kGbe x >1.

ayoyiocwun oto R, emopévmg ivarl cuveyng 6to [X g(X)]Kou

\ apayayioym oto (X, g(x)), yo kdbe x >1, pe h'(x) =€,

Apa 1oyvovv o1 Tpoimodécelc Tov Oewpruatog Méong Tyung yia v h oto
[X, g(X)], enopévas Bo vapyet &, €(X,9(X)) pe 1<x<&, <g(x) téroo,
OOTE!
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Ané 116 (2) kon (3)m (1) Siver: /(&) =€ +1, pe & > @
Evéeiktika évag 2°° tpomog sivar: @
[Na kaBe x>0, egovpe:

Xe

f(g(x))=f(x)+e(x-1)+Inxe f(g(x))&’
f(g(x))-f(x)="e - +Inx < f(g(x))- F(x)=¢

g9(x))-
f(g(x))-f(x)=e® - +Inx. x

f

f
Onote: f(g(x))-e" —g(x)=f *—x.(1)
‘Eote 1 cvvaptnon y(x)= f (%@x> . %7
Téte n (1) yivero: y(g (x), o K®Z)

-+ Inxe

—+Inxe

Egappolovpe to Ocwp @ Rolleyw t nomn Yyoto [X, g(x)]
yio k0Be X >1.

H y eivon Guvsxﬁ X,d %
X >1, og mpdelg cuvey®V Kol

O
o
Adyw el y( =y(x).

® )=0.

@'(x) = f'(x)—€* -1, onéte f'(¢)—€ -1=0.

X)
ote éyovpe f'(&)=€ +1¢E> 1.

INa & =¢&,=¢ éneton o {nrovpevo.

YICIU®V GLVOPTIGEMV GTO

TOPAYWYIGIUN GTO (X,g(X)) Yo K0Oe

1
A& Evag TovAdylotov oplduog &£ e (X, g(x)), dpa ko & >1, té€t010G
DOTE
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