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Oéua A

Al. Zyoduxo BifAio, osdida 111
A2. Zyolixo BifAio, oedida 104
A3. Zyodixo BifAio, osdida 128

A4.
a. AdBog
B. AdBog
Y. AdBog
6. Zwotd
£ Zwotd
OGEMAB

B1. '« to medio 0pLopov g oVVOEDTG EXOVE:

Agohz{xE]IMxEAh kot h(x) EAg}z{xE]R{|x>0 kat Inx € R} = (0, +)
0 tOTog TNGOLVVAPTNONS ElvaL:

B2.

il

B3.

2
4_ezlnx 4__elnx 4_x2

(92 M) = g(h(¥) = == T T

x>0

H f elvar ouveymg oto (0, +0) wg TAiko cuvexwv Kot tapaywyioun oto (0, +00) wg
TMALKO TIapaywYIoLULWY CLUVAPTICEWY UE
1) = —2x-x — (4 —x?) _ —2x% — 4+ x? _ —x%—4
xZ XZ x2
Emopévwg 1 f eivat yvnoilwg @bivovoa oto (0, +0).
Apkel va etovpe OTU:
4—m? | oa-e?<o 4—m? 4—e?
R >; — — < 5 = f(m) < f(e)
IoxvelL 6t > e xaun f yvmoliwg @Bivovoa oto (0, +0) cuvenwgs f () < f(e).

< 0,yixkabex >0

H ouvaptnon f opiletat oto (0, +0).

Avalntovpe KatakOpLEN ACUUTITWTN 0To X = 0:

Elvat

2
lim f(x) = lim = 400
x—>0+f( ) x—-0%t X
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Apa, n guBeia x = 0 eivar kataxdpven acVPTTOT TG Cf.
e Aval{ntolUue TAQYL ACUUTITWTY 6TO 400 TNG LopPNSy = Ax + f8

Eivau
£ () - 4-x?
x —x —x?
lim ——= = lim —%*— = lim = lim —=-1=121
X—400 X x—+o0 X X—400  x2 X—400 x2
Emiong:
_ _ o [4—x2 o [4—x? +x? 4
lim [f(x) —Ax] = lim [f(x) + x] = lim +x|= lim |—— (= lim —
X—>+00 X—+00 X—>+00 X X—+00 X xX—>+o0 X
=0
Apa, n evBeia y = —x elvar mAdyla acOpTTWOTN NG Cf 0TO +00.
B’ Tpomog: MMapatnpovpe 6t f(x) = f—c— xe fx)+x= %
Eivau lirll [f(x) +x] = lirP % = 0 omdte M evBeia y = —x elvar MAdyl acOpTTWOTN T™NG Cf
X—+00 X—>+ 00
O0TO +0,
B4.
Oewpolpe ’ET] ouvaptnon @(x) = T) ovv(1 + x?) ylax x Kovtd 0To 400 ylx Ty oToia oyveL:
lo(x)| = covv(l+x?)| = |—| ovv(1 + x?)| < |—| -1
Y f( ) RO @)
| sew =], a
| f(x)| AR 705 KIS
Opwe:

x—+oo f(x) - x—l>r-Poo 4 —x2 x—>r-Poo —X X—+00 —X
Emopévwg xl_l)rpoo If( )| = 0.
Apa, UE e@appoyT) TOU KpLtnplov TapeUoAng: liI-IFl p(x)=0.
X—+ 00

OEMAT
I'l. H f eivaw ouvexns ato [2,3] apov f(x) = §+ a ywa kabe x € [2,3] ki elvat cuvexng wg
TPAEELG CUVEXWV CLVAPTHOEWY. AKOuQ:

3

3
fxf(x)dle(:)f(1+ax)dx=1

2

=

213
ax 9a 5a
x+T =1<:>3+7—2—2a=1(=>1+7=1<:>a=0
2

1
f(x)—f(1)= . Ll . 1-x . 1

= = —=-=-1

x—1 x—>1t x-1 x—>1% x(x-1) x—1t X

['2.i) Eivow lim
x-1"

x)—f(1 x> —=3x+2
i SO B
X—

x—1~ x—1 x—-1" X —

Omdte opiletoun f'(1) xatetvar f'(1) = —1.



ii) Emedn) f(1) = % +a =1, apov a = 0, n e§lowon epamrtougvns e Cr oto (1,1) eiva:
y—-1l==-1x-1)eoy=—x+2
Kain ywvia mov oynuatiletal pe tov x'x s[vou%" rad agoV f'(1) = -1

S epw = —1,w € [0,7), 6OV W 1 YwVia IOV GYNUATIIEL N EQATITOUEVT PUE TOV X'X.
I'3.H f elvar mapaywyiown oto 1, dpa kat cuvexng kel

Eivau
o ywkPex <1l:f'(x)=2x—-3kax<1l1eo2x<2e2x—-3<-1<0

e ywkdBex > 1:f'(x) = —xiz< 0

Tuvenwg, f'(x) < 0 yia kabe x € R — {1} kL emedn 1 f eivat cuvexng oto x = 1 Ba elvat
yvnoiwg @Bivovoa oto R, dpa kot «1-1»

't To ovvoAo TV NG f elvat: f((—00,+00)) = ( lir+n f(x), lim f(x)) = (0, +)
X—+ 00 X—>—00

apov N f elvatyvnolwg @Bivovoa kat

1
lim f(x) = lim — =20

X—+00 X—+o00 X

lim f(x) = lim (x* —3x.+3) =+
xX——00 X——00

I'4.

To xwpio peta&d ™mg Cr, TG EQATTOUEVNS
oo onpeio (1, £(1)) kat Tov dova x'x
@EAIVETAL OTO TTAPATIAV®W OXTUA. APKEl va
vToAoylcovupe To:

flef(x) dx — (ABTI), a@ol yx k¢Be x > 1

14 1 4 14
etval f(x) = -> 0 kot OTwG PaiveTal K

QT TO CYNHUA 1] YPAPLKN TTapAcToon NG f
BplokeTal TAVW ATIO TNV EQATITOUEVT] TNG
oTo onpeio 4, omote: -1

EWQ) = f f(x)dx — (ABI) i
1

jel (Ar)(BI) 1-1
dx - ————
1 X 2

= [In|x[]§ ———



=1 In1 =1 L 1
=Ine—Inl--= 5 =5 TH

CERCON WHPESN g R

E=j(f(x)+x—2)dx—

2 2 2
=1+f—23—1+2—(6_2)2 :e2—4e+5_ez—4e+4:1_[.u.
2 2 2 2 2 2
ue B va elval to onpeio Toung gy = —x + 2 kaLt g x = e, onote to B(e, 2 — e).
®OEMA A

Al.Eivaw f(1) = k — 1 xaun f ovveyngoto x = 1 apa f(1) = lin} f(x).
X—

_ fl)-2x

T ox-1 !

Oewpolpe T ovvaptnon g(x) x €(0,1) U (1,2) ue lin} gx)=2€R.
xX—
Tote f(x) =g(x)(x—1) +2x = lirr}f(x) = lirr}(g(x)(x —D+2x)=¢-0+2=2
X— X—

Tedwka f(1)=k—-1=2 e k =3.

A2. H f elvat ouveymg kot mapaywyiowun oto (0,2) pe
, 1 1 (x—1D(x+2)
f(x)_—+x_2_ x2(x —2)

x—2

Eivawx € (0,2) emopévwg x — 2 <0,x + 2 > 0,x2 > 0.
'EtoL égovpe f'(x) > 0yl k@Be x € (0,1) kot f'(x) < 0 ylx kaBe x € (1, +0).
Apan f elvaryvnoiwg avovoa oto (0,1] katr yvnoiwg @Bivovea oto [1, +0).
I'a To 6OVOAO TIHWV EYOVE:
£(01]) = Clim, ), f(D] = (=0, 2]

’ . — . _ _ l — ’
a@ov xllgl+ f(x) = le1})1+ (ln(Z X) -+ 3) o, ETtiomng
F(@,+00)) = ( Jim £Co), lim, f(x)) = (=20,2)

- L N1 __
a@ov xL‘Tw f(x) = xl_l)rpoo (1n(2 x) -+ 3) 0 .

Eivar 0 € f((O,l]) kat f yvnolwg povotovn oto (0,1] emopévmwg vmapyet povadiko x; € (0,1]
ue x; # 1 tétowo wote f(x;) =0
Emtiong eivat 0 € f((1, +)) kat f yvnoiwg povotovn oto (1, +0) emopévws vmapyet
novadiko x, € (1,+00) tétolo wote f(x,) = 0.

, , . 1 . . (1 5
H f eivat yynolwg ad€ovoa oto (0,1) KaLxy,; € (0,1) emopévwg agov f (g) =1In (E) > 00a

EXOVE:
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f(%)>0@f<%>>f(x1)(:)%>xl

A3. A’ tpomog:

14 1 7 7 r ’
e f ouvexngoto [xl,g] WG TPAEELS Kal oVVOEDT) CLVEXWV CUVAPTOEWV

e f mapaywyicwn oto (xl,g) e f/(x) = — + =

x—-2  x2

ETopévws ovu@wva pe to Bempnua HEoNS TLUNG, UTIAPXEL TOVAGXLOTOV éva & € (xl,é) TETOLO

bote /(&) = LD _ IG)

T =
E_xl 1—3X1

1
(x-2)2

H f' elvar mapaywyiown oto (0,2) pe f"(x) = — - xz_3 < 0 emopévwgn f' elvar yvnoiwg

3(3)

@Bivovoa oto (0,1). Emouévwg, vrtapyet povadiko & € (0,1) tétowo wote f'(§) = Ton SmAadn

—3X1
3(3)
1-3x4"

1N KAlon ™G Ypa@ KNS tapdotaons s f oto onueio M (&, f(&)) wooVtal pe

3(3)

1—3X1.

B’ tpomog: ‘Exovpe v e§lowon f'(x) =

3/(5)
1—3X1
0 emopévwg N f etvat yvnoiwg @Bivovoa oto (0,1).

Eivouf(%) >0=3f G) >0 Kou% > Xy

1 2

(x=2)2 «x3

= 1—3x; > 0 omoTE > 0. H f' elvar mapaywyiown oto (0,2) pe f'(x) = —
Etou £'((0,1)) = ( lim (), lim, f (@) = (0, +o0)

Y lim £ = lim (A 4+ L) = im f(x) = lim (—+ =) =
aos lim () = lim (5 +35) =+ watfim () = lim (5 +55) =0,

xX—2 x—2
3 (3)
Eivau 1_—3 € f’((O,l)) Kot f' yvneiwg povotov, emopévws utapxel povadiko € € (0,1)

3X1
3f(L
tétolo wote f'(§) = % dMAad ) KAloM TG YPAPIKN G TApAcTACTS TG f 0TO onueio
- 1
: 3r(3
M (&, f(&)) woVtal pe 1——3(,1)1

A4.i) OLF, G eivar apywkég s f oto (0,2) emopévwg toyVel F'(x) = G'(x) = f(x) yia kaBe
x € (0,2) katvmapyel ¢ € R tétowo wote F(x) = G(x) + ¢, x € (0,2).

Mo x = x; Egovpe F(xy) = G(x) +c © ¢ = —G(x;)

Tox = x, éqovpe F(x,) = G(x,) — G(xy) © F(xy) = —G(x1) © G(xq) + F(x,) = 0 mov giva
{ntovpevo.

ii) Exovpe v e€icwon : x; F(x) + x,G(x) + 2x —x; —x, =0

Eotw h(x) = x;F(x) + x,G(x) + 2x — x; — x, = 0,x € (0,2).



Av x € (xq,x;) TOTE f(x) > 0 emopévws F'(x) = G'(x) > 0 oto (xq,x3). Apa F, G eivar yvnoing
a&ovoeg 010 [x1, x2]. Etou x; < x, = F(x;) < F(x3) = 0 < F(xy)

Katx, < x, =2 G(x) < G(xy) > G(x) <0
H h elvat ouvexng oto [xq, x;] WG TPAEELS GUVEXWV CUVAPTICEWV.

o h(xy) =x:F(x1) +x,G(x1) +x1 —x, =x,G(x1) +x;, —x, <0
a@ov x; > 0,G(x;) <Okatx; —x, <0

o h(xy) =xF(xy) + x,G(x5) + x5 —x7 = x,F(xy) +x, —x;, >0
a@ov F(x,) > 0,x; > 0katx, —x; > 0.

Emopévwg, amd to Bewpnpua Bolzano vtapyel tovAdyiotov éva p € (x4, x,) pe h(p) =0
OnAad1) to p eivat pida TG apx KNG e§lowong.

H h etvat mapaywyiown oto (0,2) pe h'(x) = x1f (x) + x5 f(x) + 2 > 0, yia k&Be x € (xq,x3)
a@ov f(x) > 0yl kaBe x € (xq,x,) KaL Xy, x, > 0.

Emopévwg 1 h elvat yvnolwg avgovoa 6to (X1, X,) KoL TO p lvat povadikn pila TG apykng
eElowong.



